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Dynamical density correlation function of 1D Mott insulators in a magnetic field
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We consider the one dimensional (1D) extended Hubbard model at half filling in the presence of a
magnetic field. Using field theory techniques we calculate the dynamical density-density correlation
function χnn(ω, q) in the low-energy limit. When excitons are formed, a singularity appears in
χnn(ω, q) at a particular energy and momentum transfer.
I. INTRODUCTION
Quasi 1D Mott insulators1 display unusual phenomena
like spin-charge separation and dynamical generation of
a spectral gap and have therefore attracted much atten-
tion in recent years. At present the best realizations of
1DMott insulators are found in anisotropic antiferromag-
nets like SrCuO2 or Sr2CuO3. The dynamics of the lat-
ter compound has been studied both by angular-resolved
photoemission2 and by electron energy-loss spectroscopy
(EELS)3. EELS measures the dynamical density-density
correlation function. Theoretical descriptions of 1D itin-
erant antiferromagnets are based on the half-filled Hub-
bard model with a large on-site repulsion U (compared
to the hopping matrix element t), which ensures that the
single-particle Mott gap is large. In the case of Sr2CuO3
it is believed that U ≈ 8t and that density-density in-
teractions between neighboring sites need to be taken
into account2,3. Given that U is “much” larger than t,
strong-coupling expansions around U = ∞ are an ap-
propriate starting point. They have been used to deter-
mine dynamical correlation functions4,5 and to success-
fully model the EELS data for SrCuO2
3.
There exist other materials believed to be quasi-1D
Mott insulators (e.g. the Bechgaard salts6), in which the
Mott gap is small compared to t. The “weak-coupling”
regime U <∼ 2t in which the Mott gap becomes small is
manifestly beyond the range of applicability of strong-
coupling expansions. The very existence of a gap pre-
cludes the application of conformal field theory8,9. How-
ever, this regime is accessible by an approach based on
exact field theory methods10,11. In Refs 12,13,14,15 this
method has been used to determine the optical conduc-
tivity and the single-particle Green’s function for 1D
Mott insulators in the weak-coupling regime. Here we
employ this approach to calculate the dynamical density-
density correlation function. Motivated by suggestions
that a magnetic field may generate X-ray edge like thresh-
old singularities16 in the density-density response, we
take into consideration the effects of a magnetic field.
The outline of this paper is as follows: in section II we
present the field theory description for the low energy
degrees of freedom. In section III we determine the dy-
namical density-density correlation function χnn(ω, q).
In section IV we consider an extended Hubbard model
with sufficiently strong nearest and next-nearest neighbor
density-density interactions. Here excitons are formed
and we determine their contributions to χnn(ω, q). We
summarize our results in section V.
II. FIELD THEORY DESCRIPTION
The extended Hubbard model in a magnetic field is
described by the Hamiltonian
H = −t
∑
l;σ
(
c†l,σcl+1,σ + h.c.
)
+ U
∑
l
nl,↑nl,↓
+
2∑
j=1
Vj
∑
l
nlnl+j − h
2
∑
l
(nl,↑ − nl,↓) , (1)
where cl,σ are fermionic annihilation operators of spin ↑
(σ = 1) and ↓ (σ = −1), nl,σ = c†l,σcl,σ and nl = nl,↑ +
nl,↓. For h = 0 the ground state has spin projection S
z =
0 whereas for very large fields h > hc it is fully polarized.
We constrain our analysis to the case where the ground
state is partially magnetized, which corresponds to fields
0 ≤ h < hc. A description of the low-energy degrees of
freedom of (1) for weak interactions 0 < 2V2 < 2V1 <
U ≪ t is then obtained by standard techniques17. In the
presence of the field h there are four Fermi points ±kF,σ
with kF,↓ + kF,↑ = π/a0, where a0 is the lattice spacing.
Taking into account only modes in the vicinity of kF,σ
we expand
cl,σ −→ √a0
[
eikF,σx Rσ(x) + e
−ikF,σx Lσ(x)
]
, (2)
where x = la0. The resulting fermionic field theory can
be bosonized with the result
Ls = 1
16π
[
vs(∂xΦs)
2 − 1
vs
(∂tΦs)
2
]
, (3)
Lc = 1
16π
[
vc(∂xΦc)
2 − 1
vc
(∂tΦc)
2
]
− λ cos(βcΦc).(4)
The spin sector is a free bosonic theory whereas the
charge sector is described by the integrable Sine-Gordon
model (SGM)7. Fermionic operators are expressed in
terms of the canonical charge and spin bose fields Φc,s
and their respective dual fields
Θc,s(t, x) =
−1
vc,s
∫ x
−∞
dy ∂tΦc,s(t, y) (5)
2by
Lσ = ησ e
i
4 (βcΦc−
1
βc
Θc) e
i
4
σ(βsΦs−
1
βs
Θs),
Rσ = ησ e
− i
4 (βcΦc+
1
βc
Θc) e−
i
4
σ(βsΦs+
1
βs
Θs). (6)
Here ησ = η
†
σ are Klein factors that fulfill {ησ, ητ} =
2δσ,τ . The spin and charge velocities vc,s and the param-
eters βc,s depend on t, h, U and V .
A. Hubbard model (V1,2 = 0)
For the Hubbard model βc,s and vc,s can be calculated
exactly from the Bethe Ansatz solution. The “η-pairing”
SU(2) symmetry of the half-filled Hubbard model18 fixes
βc = 1, whereas βs(h, U) is obtained from the solution of
a linear integral equation8,19
βs =
√
2Z(Λ) ,
Z(λ) = 1 +
∫ Λ
−Λ
dµ a2(λ− µ) Z(µ) , (7)
where 2πa2(x) = U [x
2 + U2/4]−1. The integration
boundary Λ is determined by the condition ǫ(Λ) = 0,
where
ǫ(λ) = h− 4Re
√
1− (λ− iU/4)2 + U
+
∫ Λ
−Λ
dµ a2(λ− µ) ǫ(µ) . (8)
In the limit U/h → 0 βs can be calculated analytically
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FIG. 1: βs for the Hubbard model as a function of h for
different values of U .
by means of a Wiener-Hopf analysis
βs ≃ 1 + U
16πt cos(πM) , (9)
whereM is the magnetization that is calculated from the
solution to an integral equation similar to (8) (see Ref.
8). We note that βs varies between 1 for h = 0 and
√
2
for h → hc. The behavior of βs as a function of h for
different values of U is shown in Fig.1. We see that for
small values of U βs remains very close to 1 up to large
fields very close to hc.
The spin and charge velocities can be calculated in a
similar way. Field theory is exact in the scaling limit,
which has been constructed in the absence of a mag-
netic field in Ref.20 using exact results for the half-filled
Hubbard model21. The h > 0 case can be mapped
onto the attractive Hubbard model below half-filling by
means of the particle-hole transformation for spin down
cj,−1 → (−1)jc†j,−1. The scaling limit for the latter model
has been found by Woynarovich and Forgacs22 and is ob-
tained by taking t→∞, U → 0 while keeping√
Ut cos3(πM)e−pit cos(piM)/2U = fixed. (10)
In this limit βs = 1 and the low-energy effective field the-
ory is SU(2)×SU(2) symmetric. However, on the level of
the large-distance asymptotics of correlation functions of
the underlying Hubbard model this enhanced symmetry
is broken down to SU(2)×U(1) by the oscillating factors
in (2). For example, the leading asymptotical behavior
of the spin-spin correlation functions is
〈Sx(x)Sx(0)〉 = 〈Sy(x)Sy(0)〉 = B(−1)
x/a0
x
+ . . . ,
〈Sz(x)Sz(0)〉 = A cos 2kF,σx
x
+ . . . , (11)
and the spin-SU(2) symmetry is broken. Previous
experience12,14 suggests that field theory gives a good
description of the lattice model in an extended vicinity
of the scaling limit, provided the gap is small compared
to t. This is the case as long as U <∼ 2t. We will apply
field theory in the regime defined by this criterion and
therefore allow βs to be different from 1.
B. Extended Hubbard model
For V1,2 6= 0 no exact results for the lattice model (1)
are available. However, the low-energy degrees of free-
dom of (1) in the regime 0 < V2 < V1 <
U
2
<∼ t are
still described by (3)-(4), but now with βc < 1
23. Re-
cently it was shown in Ref.14 that for sufficiently large
values of U, V1, V2 it is possible to reach the attractive
regime of the SGM βc < 1/
√
2, in which excitonic holon-
antiholon bound states form. We will first consider the
range 1/
√
2 < βc ≤ 1, where no excitons exist and field
theory results for the optical conductivity13 have been
found to be in good agreement with dynamical density
matrix renormalization group computations for the lat-
tice model (1)24. In section IV we extend the analysis to
the regime βc < 1/
√
2.
3C. Density Operator
The density operator is expressed in terms of the spin
and charge bosonic fields as17
n(x, t) = n0(x, t) +
∑
σ
n2kF,σ (x, t) ,
n0(x, t) = A ∂xΦc ,
n2kF,σ (x, t) = A
′ e2ikF,σx sin(
βc
2
Φc) e
iσβs
2
Φs . (12)
Here A and A′ are numerical constants. For a less than
half-filled band there is an additional contribution17
nU (x, t) = AU cos (2[kF,↑ + kF,↓]x+ βcΦc) , (13)
which is obtained by integrating out the high-energy
degrees of freedom in the path integral representation
for the density-density correlation function of the lattice
model. The operator (13) corresponds to scattering pro-
cesses involving two particles and two holes with momen-
tum transfer 2(kF,↑ + kF,↓) = 2π/a0. As a result AU is
proportional to U/t and thus is small. At half-filling we
have AU = 0. This can be established by considering the
following discrete symmetry of the lattice model
cj,σ ←→ (−1)jc†j,−σ . (14)
The lattice density operator transforms as nj → 2− nj .
In the field theory this symmetry corresponds to inverting
the signs of the charge boson and its dual field Φc →
−Φc, Θc → −Θc. The (normal ordered) density operator
n(x, t) must transform to −n(x, t) under this change of
sign and this implies that AU = 0.
III. DENSITY CORRELATIONS FOR 1
2
< β2c ≤ 1
The density-density correlation function is given by
Gnn(x, t) = G
0
nn +
∑
σ
G2kF,σnn , (15)
where
G0nn = 〈0|n0(x, t) n0(0, 0)|0〉 ,
G2kF,σnn = 〈0|n2kF,σ (x, t) n2kF,−σ (0, 0)|0〉 . (16)
We note that there are no “mixed terms” as can be shown
by exploiting the transformation properties under charge
conjugation. Due to spin-charge separation the corre-
lation functions in (16) factorize into spin and charge
pieces. In the spin sector (3) we are dealing with a sim-
ple Gaussian model and elementary considerations give
s〈0|ei
βs
2
Φs(x,t) e−i
βs
2
Φs(0)|0〉s =
[
x2 − (vst+ iǫ)2
]−d
,
(17)
where |0〉s denotes the vacuum in the spin sector and
d = β2s/2. (18)
In the Hubbard model the exponent d varies between 12
for zero field and 1 for h → hc. In order to determine
the charge part of the correlators (16) we make use of
the integrability of the SGM (4) describing the charge
sector. In the range of βc considered here the spectrum
of the SGM consists of scattering states of solitons and
antisolitons, which are particles of mass M , charge Q =
±e and relativistic dispersion e(p) =
√
p2 +M2. In the
Hubbard model they correspond to holons and antiholons
respectively. It is convenient to parametrize energy and
momentum in terms of the rapidity variable θ
p =
M
vc
sinh θ, e = M cosh θ. (19)
We introduce an index ε = ± for solitons and antisoli-
tons. Then a scattering state of n solitons/antisolitons
with rapidities {θk} and internal indices {εk} is denoted
by |θn . . . θ1〉εn,...,ε1 . In the spectral representation of this
basis of (anti)soliton scattering states we may express the
two-point function of an operator O in the charge sector
as
c〈0|O(x, t)O†(0)|0〉c =
∞∑
n=0
∑
εi
∫
dθ1 . . . dθn
(2π)nn!
× exp
[
i
n∑
j=1
ejt− pjx
]
|c〈0|O(0)|θn . . . θ1〉εn...ε1 |2.(20)
Here pj and ej are given by (19), and the form factors
c〈0|O(0)|θn . . . θ1〉εn...ε1 | can be calculated by exploiting
the integrability of the SGM10,11. As a consequence of
the transformation properties under charge conjugation
of the operators appearing in (15), only intermediate
states with an even number of particles will contribute to
(20). In order to obtain an accurate result for the large-
distance asymptotics it is sufficient to take into account
intermediate states with only a small number of parti-
cles in the spectral sum (20)25. For the case at hand we
have10,11
|c〈0|∂xφc|θ1, θ2〉±∓|2 = |f(2θ−) sinh θ+|2, (21)
|c〈0| sin(βcΦc
2
)|θ1, θ2〉±∓|2 = Z1|f(2θ−)|2, (22)
where θ± = (θ1 ± θ2)/2, Z1 is a known constant11 and
f(θ) =
F (θ)
cosh
(
θ+ipi
2ξ
) ,
F (θ) = sinh
θ
2
exp

∫ ∞
0
dk
k
sin2(k2 [
θ
pi + i]) sinh(
1−ξ
2 k)
sinh
(
ξk
2
)
cosh
(
k
2
)
sinh k

,
ξ =
β2c
1− β2c
. (23)
EELS measures the imaginary part of the retarded dy-
namical density-density correlation function
χnn(ω, k) = Im
{
i
∫ ∞
−∞
dx
∫ ∞
0
dt eiωt−ikx
[
Gnn(x, t)
4−Gnn(−x,−t)
]}
(24)
We evaluate χnn(ω, k) in the vicinity of the low-energy
modes at k = 0, 2kF,σ by Fourier transforming the large-
distance asymptotics of the density-density correlation
function. The latter is obtained by carrying out the form
factor expansion (20) in the charge sector and multiply-
ing it by the spin-piece (17) in the case of the 2kF,σ re-
sponse.
A. Small k behavior
In the vicinity of k = 0 the dynamical density response
is dominated by the contribution from G0nn(x, t). This
contribution does not involve the spin sector and straight-
forward calculations give
χnn(ω, q) = A
28M2
(vcq)
2|f0(θ0)|2
s3
√
s2 − 4M2 Θ(s
2 − 4M2),
(25)
with s2(ω, q) = ω2 − (vcq)2 and θ0 = 2arcosh(s/2M).
Above the threshold at ω =
√
v2cq
2 + 4M2, χnn(ω, q)
increases from zero in a universal square root fashion.
This is due to the momentum dependence of the form
factors.
From the Heisenberg equations of motions for the lat-
tice density operator one can derive a relation between
χnn and the optical conductivity σ(ω)
Re σ(ω) = lim
q→0
ω
q2
χnn(ω, q) . (26)
The optical conductivity has been calculated in13 and
agrees with (26) and (25). We note that a contribution
of the type (13) to the density operator would violate the
relation (26), which is an independent argument showing
that AU = 0
26.
B. Behavior around k = 2kF,σ
In the vicinity of k = 2kF,σ the dynamical density re-
sponse is dominated by the contribution fromG
2kF,σ
nn (x, t)
and involves both the spin and the charge sector. The
threshold can be determined by considering the lowest
intermediate state that couples to the density operator
at k = 2kF,σ, which is a scattering state of one soliton,
one antisoliton and one spinon. The total momentum
and energy of this state are
P = p+ q1 + q2 ,
E = vs|p|+
2∑
j=1
√
M2 + v2c q
2
j . (27)
The threshold is obtained by minimizing the energy at
fixed total momentum with respect to p, q1, q2
Ethres = min
q1,q2

vs|P − q1 − q2|+ 2∑
j=1
√
M2 + v2c q
2
j


=
{√
4M2 + v2cP
2 if |P | ≤ Q
vs|P |+ 2M
√
1− α2 if |P | ≥ Q , (28)
where
α =
vs
vc
, Q =
2Mvs
vc
√
v2c − v2s
. (29)
The behavior is quite similar to what is found for the
spectral function15.
1. Equal velocities vs = vc = v
For vs = vc = v one can obtain the following represen-
tation
χnn(ω, 2kF,σ + q) ≈ Γ
2(1− d)Z1A′2
π(2v)2d−1
∫ ∞
−∞
dθ
|f1(2θ)|2
c(θ)2−2d
× ImF
(
1− d, 1− d, 1, ω
2 − v2q2
c2(θ)
)
, (30)
where c(θ) = 2M cosh(θ). The imaginary part of
the hypergeometric function vanishes unless c(θ) <√
ω2 − v2q2. This implies that the response function is
nonzero only if ω2 > v2q2+4M2, in agreement with (28).
Just above the threshold (0 < s/2M ≪ 1) we may use the
transformation formulas for hypergeometric functions to
obtain (s2 = ω2 − v2q2)
ImF
(
1− d, 1− d, 1, s
2
c2(θ)
)
= −Γ(1− 2d) sin(π2d)
Γ2(1 − d)
×F
(
d, d, 2d, 1− s
2
c2(θ)
)(
s2
c2(θ)
− 1
)2d−1
× Θ(s2 − c2(θ)), (31)
where Θ(x) is the Heaviside function. The remaining
θ-integral in (30) is therefore over a very small interval
[−arccosh(s/2M), arccosh(s/2M)] and can be taken by
Taylor-expanding the integrand. The leading contribu-
tion to the behavior just above the threshold is
χnn(ω, 2kF,σ + q) ∝
(
s− 2M
M
) 1
2
+2d
,
s− 2M
M
→ 0. (32)
Here we have used that β2c > 1/2, in which case we have
f1(2θ) ∝ θ , for θ → 0. (33)
5At the Luther-Emery point β2c =
1
2
27 there is a different
power law increase in (32) (the exponent is 2d− 12 ). As
β2c → 12 from above the region is which (32) holds shrinks
to zero. The important result here is that χnn vanishes
as the threshold is approached from above. There are no
threshold singularities! The behavior for large frequen-
cies ω ≫
√
v2q2 + 4M2 (but necessarily ω ≪ t for field
theory to apply) is
χnn(ω, 2kF,σ + q) ∝ s2d−2+β2c , s≫M. (34)
2. Different velocities vs 6= vc
In the case of different spin and charge velocities vsvc ≡
α < 1 one may represent χnn as
χnn(ω, 2kF,σ + q) ≈ Z1A
′2
Γ2(d)(2vs)2d−1
×
∫ ∞
−∞
dθ+dθ−|f1(2θ−)|2 (ΩΩ′)d−1Θ(Ω) Θ(Ω′),
(35)
where
Ω = ω − vsq − 2M cosh(θ−) [cosh(θ+)− α sinh(θ+)] ,
Ω′ = ω + vsq − 2M cosh(θ−) [cosh(θ+) + α sinh(θ+)] .
(36)
One easily checks that (35) leads to a threshold described
by (28). The remaining integrals in (35) are evaluated
numerically.
0 2 4 6 8 10
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0
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FIG. 2: χnn(ω, 2kF,σ + q) for βc = βs = 1, α = 0.851
and several different values of vcq. The curves have been
offset. The dashed line is the threshold when spinons carry
zero momentum
√
4M2 + v2cq2.
A remarkable feature of the half-filled Mott insula-
tor is the presence of two dispersing features in the
spectral function, that are associated with vs and vc
respectively2,15. A natural question is whether an anal-
ogous feature exists in the density-density response. We
have analyzed (35) for several sets of parameters βc, βs,
α and found that in all cases χnn(ω, 2kF,σ + q) is rather
featureless. There are no singularities or peaks that can
be associated with vc and vs separately. We also do
not find any threshold singularities as the magnetic field
is increased. In Fig. 2 we plot χnn(ω, 2kF,σ + q) for
βc = βs = 1 and α = 0.851, which corresponds to the
half-filled Hubbard model in zero magnetic field at U = 1
(vc = 2.15ta0, vs = 1.83ta0). At ω ∼ 8M one can just
see that the threshold is below the curve
√
4M2 + v2c q
2.
IV. EXCITONS: β2c <
1
2
In the regime β2c <
1
2 soliton and antisoliton can form
excitonic bound states which for the SGM are known as
breathers. There are
N =
[
1− β2
β2
]
(37)
different types of excitons, where [x] denotes the integer
part of x. We denote the different excitons by e1, e2, . . ..
The exciton gaps are given by
Mn = 2M sin(nπξ/2) , n = 1, . . . ,N . (38)
It follows from the transformation properties under Φc →
−Φc that only the “odd” excitons e2n+1 couple to the
density operator. For simplicity we take βc > 1/2 from
now, in which case we only have to consider the first ex-
citon e1. In this regime of βc the leading contributions of
the spectral sum to the dynamical density-density corre-
lator are given by
χnn(ω, k) = χ
exc
nn (ω, k) + χ
ss¯
nn(ω, k) , (39)
where χexcnn (ω, k) and χ
ss¯
nn(ω, k) denote the contributions
from intermediate states with one exciton and many
spinons and one soliton, one antisoliton and may spinons
respectively. We have already calculated χss¯nn(ω, k)
above. For small k it is given by (25) and for k ≈ kF,σ
by (35). The exciton contribution can be calculated by
the same method10 and we now present the results.
A. Behavior around k = 0
Here the exciton is visible as a sharp δ-function peak
at an energy below the soliton-antisoliton scattering con-
tinuum
χexcnn (ω, q) = A
2g0
v2cq
2
ω
δ(ω −
√
v2cq
2 +M21 ) , (40)
6where
g0 =
πλ2ξ2
sin2(πξ)
,
λ = 2 cos
(
πξ
2
)√
2 sin
(
πξ
2
)
exp
(
−
∫ piξ
0
dt
2π
t
sin t
)
.
(41)
The result (40) is again related by the equations of mo-
tion (26) to the corresponding contribution to the op-
tical conductivity14. The dynamical density suscepti-
bility, (39), for vcq = 0.2M , is plotted in Fig. 3. For
βc < 1/
√
2 the breather contribution (40) appears and
the spectral weight is gradually transferred from the
soliton-antisoliton continuum to the coherent peak.
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FIG. 3: χnn(ω, q = 0.2M/vc) for different values of βc.
We have broadened the delta function by convoluting it
with a Lorentzian in order to exhibit the transfer of spectral
weight from the soliton-antisoliton continuum to the coherent
breather peak.
B. Behavior around q = 2kF,σ
In the vicinity of q = 2kF,σ the exciton contributes to
the dynamical density-density correlation function via an
exciton-spinon scattering continuum with threshold
Ethres = min
q
[
vs|P − q|+
√
M21 + v
2
cq
2
]
=
{√
M21 + v
2
cP
2 if |P | ≤ Q′
vs|P |+M1
√
1− α2 if |P | ≥ Q′ , (42)
where
Q′ =
M1vs
vc
√
v2c − v2s
. (43)
The exciton contribution to the dynamical density -
density correlation function is given by
χexcnn (ω, 2kF,σ + q) ≈
2πZ1A
′2
Γ2(d)(2vs)2d−1
×
[
λξ
2 cos(πξ/2)
]2 ∫ ∞
−∞
dθ (ΣΣ′)
d−1
Θ(Σ) Θ(Σ′),
(44)
where
Σ = ω − vsq −M1 [cosh(θ) − α sinh(θ)] ,
Σ′ = ω + vsq −M1 [cosh(θ) + α sinh(θ)] . (45)
One readily deduces by inspection of equations (45) and
(44) that for fixed q the exciton contribution to χ exhibits
a cusp at a frequency
ωcusp =
√
M21 + v
2
c q
2 . (46)
If we fix the momentum transfer to be q = Q′, this cusp
turns into a singularity. In order to exhibit these interest-
ing features we plot χnn(ω, 2kF,σ+q) for ξ = 0.6, α = 0.8
and different values of q in Fig.4.
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FIG. 4: χnn(ω, 2kF,σ+q) for α = 0.8, βs = 1 and ξ = 0.6. For
ω ≈ ωcusp one can clearly see the cusp due to the breather
contribution. As vcq approaches vcQ
′ ≈ 2.157M the cusp
turns into a singularity.
V. SUMMARY
We have studied the dynamical density-density re-
sponse of half-filled 1D Mott insulators for the case where
the Mott gap is small compared to the hopping matrix el-
ement t. We have allowed for the presence of a magnetic
field that partially magnetizes the ground state. Unlike
7the spectral function, the density-density response func-
tion does not exhibit prominent, dispersing features as-
sociated with the spin and charge degrees of freedom re-
spectively. Due to the momentum dependence of the ma-
trix elements in the gapped charge sector, χnn(ω, k) tends
to zero as the threshold is approached from above: irre-
spective of the magnitude of the applied magnetic field
there are no threshold singularities.
In the parameter region of the extended Hubbard
model where excitons are formed, the dynamical density-
density response exhibits a cusp at some specific value of
energy transfer for momentum transfers k close to 2kF,σ.
This cusp turns into a singularity for one particular value
of k. These features should be experimentally observable
in small-gap quasi-1D Mott insulators.
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